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Young diagrams

Partition λ = (λ1, λ2, . . . , λt) of n is a non-increasing sequence of positive

integers, called parts, which add up to n.

We represent partitions using

Young diagrams Y (λ) =
{
(i , j) ∈ N2 : i ≤ t, j ≤ λi

}
.

Figure: The Young diagram of (14, 10, 2), a partition of 26.

The conjugate λ′ of λ satisfies Y (λ′) = {(j , i) : (i , j) ∈ Y (λ)}.

Figure: The conjugate of (4, 12) is (3, 13).
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James abacus

Alternatively, we can represent partitions using James abacus. We form a

runner from the border edges of the Young diagram and place beads on

the vertical edges.
. . .

...

Figure: The formation of the James abacus of (14, 10, 2).

. . .. . .

Figure: The James abacus of (14, 10, 2).
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Figure: The formation of the James abacus of (14, 10, 2).

. . .. . .
0 1 2 5 14 19

Figure: The James abacus of (14, 10, 2).
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Reading partition from James abacus

We recover the partition from James abacus by counting unoccupied

spaces before each bead.

. . .. . .
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Reading partition from James abacus

We recover the partition from James abacus by counting unoccupied

spaces before each bead.

. . .. . .
←0 ←0 ←0 ←2
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Reading partition from James abacus

We recover the partition from James abacus by counting unoccupied

spaces before each bead.

. . .. . .
←0 ←0 ←0 ←2 ←10
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Reading partition from James abacus

We recover the partition from James abacus by counting unoccupied

spaces before each bead.

. . .. . .
←0 ←0 ←0 ←2 ←10 ←14
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e-abacus

We obtain an e-abacus of a partition by bending its James abacus after

each e places and then folding it.

. . .. . .

. . .

. . .

...
...

...
...

...

...
...

...
...

...

0 1 2 3 4

Figure: The 5-abacus of partition (14, 10, 2).
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e-core

We get the e-core of a partition by pushing beads in its e-abacus upwards.

...
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...
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...

...
...

...
...

...

Figure: The 5-core of (14, 10, 2) is (4, 12).
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e-core

Alternatively, we keep removing e-border strips (e connected removable

boxes which contain no 2× 2 square) from the Young diagram.
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Mullineux map - algebraically

A partition is e-regular if it has no e equal parts.

We fix a prime p.

Theorem (James 1976)

The irreducible modules of symmetric groups Sn in characteristic p are

modules Dλ labelled by p-regular partitions of n.

Given a p-regular partition λ, the module Dλ ⊗ sgn is irreducible. Thus

there is a p-regular partition µ such that Dλ ⊗ sgn ∼= Dµ. The Mullineux

map mp is defined by mp(λ) = µ. We write m̃p for conjugation◦mp. Using

an involution of Hecke algebra of type An, one can define the Mullineux

map me for any integer e > 1.
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Mullineux map - combinatorially

There are many combinatorial/algorithmic descriptions of the Mullineux

map - by Mullineux (proved by Ford and Kleshchev), by Xu, by Brundan

and Kujawa, by Jacon, by Fayers, and many others.

Among basic

properties of the Mullineux map are:

the map m̃e preserves e-cores;

the map m̃e fixes precisely e-core partitions;

any e-regular partition λ dominates m̃e(λ);

There are several sets of partitions on which the Mullineux map behaves

particularly nicely, for instance, e-cores and partitions in RoCK blocks.
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Abacus Mullineux algorithm

...

...

...

...

...

...

...

...

...

...
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...
...

...

Starting with two e-abaci, one of λ and the other empty, we obtain m̃e(λ)

as follows.

We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat. Until we reach the empty partition

on the first e-abacus, which we move to the other one. We read m̃e(λ)

from the other e-abacus. Here we get m̃5((14, 10, 2)) = (10, 8, 6, 2).
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on the first e-abacus, which we move to the other one. We read m̃e(λ)

from the other e-abacus. Here we get m̃5((14, 10, 2)) = (10, 8, 6, 2).
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Definition

Fix coprime integers 1 < d < e.

For given e-core partition γ, let Ed(γ) be

the set of partitions divisible by d with e-core γ obtained from γ by adding

the least possible number of e-border strips.

Definition

A partition is d-maximal (or d-minimal) if it is the lexicographically

maximal (or minimal) element of some set Ed(γ).

It is easy to see that each set Ed(γ) is non-empty - there is precisely one

d-maximal and d-minimal partition with given e-core. One can in fact

replace lexicographical order by dominance order.
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Example

Let e = 5, d = 2 and γ = (4, 12).

Since γ is a partition of an even integer

we need to add an even number of 5-border strips to get an even partition.

One checks that two is not sufficient.The elements of E 2((4, 12)) are

(14, 10, 2),

(14, 8, 2, 2),

(14, 6, 6),

(14, 6, 4, 2),

(12, 10, 2, 2),

(12, 6, 6, 2),

(10, 10, 6),

(10, 10, 4, 2),

(10, 8, 6, 2).

Thus (14, 10, 2) is 2-maximal and (10, 8, 6, 2) is 2-minimal.
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Significance

Giannelli and Wildon in 2015 showed that the set E 2(γ) posses

information about the decomposition matrix (dλ,µ) of symmetric group.

It

decomposes into disjoint union of sets Xν labelled by partitions in set

S ⊂ E 2(γ) such that for any ν ∈ S

dλ,ν =

1 if λ ∈ Xν ,

0 if λ /∈ Xν .

Our task:

show that m̃e maps 2-maximal partitions to 2-minimal partitions,

find what happens for d > 2,

describe how to find d-maximal and d-minimal partitions with given

e-core.
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d-balanced partitions

Definition

A partition λ is d-balanced if

it is divisible by d , and

for any a > 0 and ae consecutive positions in its James abacus ending

with a bead, the number of empty places there is divisible by d .

Note that we only need to check ae positions preceded by an empty space.

The conditions are

· · ·
bb − ae

d | #
· · ·

d | #

Alternatively, the second condition can be replaced by: all ae-rim hooks

have arm length divisible by d .
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d-balanced partitions – example

The conditions are

· · ·
bb − ae

d | #
· · ·

d | #

. . .. . .

2 8

12

Figure: For e = 5, the partition (14, 10, 2) is 2-balanced.

Recall that (14, 10, 2) is also 2-maximal.
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d-shift-balanced partitions

Definition

A partition λ is d-shift-balanced if

it is divisible by d , and

for any a > 0 and ae + 1 consecutive positions in its James abacus

ending in a bead, the number of empty places there is divisible by d .

Note that we only need to check ae + 1 positions starting in an empty

space.

The conditions are

· · ·
bb − ae

d | #
· · ·

d | #

Alternatively, the second condition can be replaced by: all ae-rim hooks

have arm length congruent to −1 modulo d .
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d-shift-balanced partitions – example

The conditions are

· · ·
bb − ae

d | #
· · ·

d | #

. . .. . .

2 8

4

Figure: For e = 5, the partition (10, 8, 6, 2) is 2-balanced.

Recall that (10, 8, 6, 2) is also 2-minimal.
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Theorem A

The relevance of d-balanced partitions and d-shift-balanced partitions to

the Mullineux map is as follows.

Theorem (T. 2024+)

The map m̃e sends d-balanced partitions to d-shift-balanced partitions.

This confirms that (14, 10, 2) is sent to (10, 8, 6, 2) by m̃5.
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d-unbalanced partitions

Definition

A partition λ is d-unbalanced if

it is divisible by d , and

for any a > 0 and ae consecutive positions in its James abacus ending

in a bead and preceded by an empty place, the number of empty

places there is not divisible by d .

The conditions are

· · ·
bb − ae

d ̸ |#
· · ·

d | #

Alternatively, the second condition can be replaced by: no ae-rim hook has

arm length divisible by d .
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Clear implication I

Any d-shift-balanced partition si d-unbalanced.

Indeed

· · ·
bb − ae

d | #
· · ·

d | #

implies

· · ·
bb − ae

d ̸ |#
· · ·

d | #

The notions coincide for d = 2.
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d-shift-unbalanced partitions

Definition

A partition λ is d-shift-unbalanced if

it is divisible by d , and

for any a > 0 and ae + 1 consecutive positions in its James abacus
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empty places there is not divisible by d .

The conditions are
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Alternatively, the second condition can be replaced by: no ae-rim hook has

arm length congruent to −1 modulo d .
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for any a > 0 and ae + 1 consecutive positions in its James abacus

ending in a bead and starting with an empty place, the number of

empty places there is not divisible by d .
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Clear implication II

Any d-balanced partition si d-shift-unbalanced.

Indeed

· · ·
bb − ae

d | #
· · ·

d | #

implies

· · ·
bb − ae

d ̸ |#
· · ·

d | #

The notions coincide for d = 2.
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Theorem B and C

The relevance of d-unbalanced and d-shift-unbalanced partitions to our

questions comes from the following.

Theorem (T. 2024+)

The d-maximal partitions and d-shift-unbalanced partitions coincide.

Theorem (T. 2024+)

The d-minimal partitions and d-unbalanced partitions coincide.
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Big picture

d-balanced d-shift-unbalanced d-maximal

d-shift-balanced d-unbalanced d-minimal

Theorem (T. 2024+)

Let λ be a d-maximal partition. If λ is d-balanced, then m̃e(λ) is the

d-minimal partition with the same e-core as λ.

Corollary (T. 2024+)

If λ is 2-maximal, then m̃e(λ) is the 2-minimal partition with the same

e-core as λ.
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Outline

1 Partitions

2 Mullineux map

3 d-maximal and d-minimal partitions

4 Key partitions

5 Finding d-maximal and d-minimal partitions
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Finding d-maximal partitions

Starting from any partition divisible by d with e-core γ we can find the

d-maximal partition with the same e-core by ‘removing bad border strips’.

. . .. . .

4

This proves one direction of Theorem B.
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Finding d-minimal partitions

We have an analogous algorithm for d-minimal partitions.

. . .. . .

4

This proves one direction of Theorem C.
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