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Young diagrams

Partition λ = (λ1, λ2, . . . , λt) of n is a non-increasing sequence of positive

integers, called parts, which add up to n.

We represent partitions using

Young diagrams Y (λ) =
{
(i , j) ∈ N2 : i ≤ t, j ≤ λi

}
. The conjugate λ′ of

λ satisfies Y (λ′) = {(j , i) : (i , j) ∈ Y (λ)}.

Figure: The Young diagrams of (12, 6), a partition of 18, and its conjugate

(26, 16).
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James abacus

Alternatively, we can represent partitions using James abacus. We form a

runner from the border edges of the Young diagram and place beads on

the vertical edges.
. . .

...

Figure: The formation of the James abacus of (12, 6).

. . .. . .

Figure: The James abacus of (12, 6).
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p-abacus

We obtain the p-abacus of a partition by bending its James abacus after

each p places and then folding it.

. . .. . .

. . .

. . .

...
...

...
...

...

...
...

...
...

...

Figure: The 5-abacus of partition (12, 6).
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p-core

We get the p-core of a partition by pushing beads in its p-abacus upwards.

...
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...
...
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...

...
...

...

...
...

...
...

...

...
...

...
...

...

Figure: The 5-core of (12, 6) is (2, 1).

Alternatively, we keep removing p-border strips (p connected boxes which

can be removed and contain no 2× 2 square) from the Young diagram.
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Mullineux map

We fix a prime p. A partition is p-regular if it has no p equal parts.

Theorem (James 1976)

The irreducible modules of symmetric groups Sn in characteristic p are

modules Dλ labelled by p-regular partitions of n.

Given a p-regular partition λ, the module Dλ ⊗ sgn is irreducible. Thus

there is a p-regular partition µ such that Dλ ⊗ sgn ∼= Dµ. The Mullineux

map mp is defined by mp(λ) = µ. We write m̃p for conjugation◦mp. Using

an involution of Hecke algebra of type An, one can define the Mullineux

map for any integer p > 1.

There are many combinatorial/algorithmic descriptions of the Mullineux

map - by Mullineux (proved by Ford and Kleshchev), by Xu, by Brundan

and Kujawa, by Jacon, by Fayers, and many others.
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Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows.

We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat. We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads.

We move them up and add a

bead to the other abacus. And repeat. We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus.

And repeat. We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus.

And repeat. We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat.

We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat.

We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat.

We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat. We read m̃p(λ) from the other

p-abacus.

Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Abacus Mullineux algorithm

...
...

...
...

...

...
...

...
...

...

...

...

...

...

...

...

...

...

...

...

Starting with two p-abaci, one of λ and the other empty, we obtain m̃p(λ)

as follows. We identify the leading beads. We move them up and add a

bead to the other abacus. And repeat. We read m̃p(λ) from the other

p-abacus. Here we get m̃5((12, 6)) = (8, 6, 4).

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 10 / 19



Outline

1 Partitions

2 Mullineux map

3 Results

4 Work in progress

Pavel Turek (Royal Holloway) Mullineux map - even partitions May 14, 2024 11 / 19



(p, d)-maximal and minimal partitions

Fix an integer 1 < d < p.

For given p-core partition µ, let Ed(µ) be the

set of partitions divisible by d with p-core µ obtained from µ by adding

the least possible number of p-border strips.

Definition

A partition is (p, d)-maximal (or (p, d)-minimal) if it is the

lexicographically maximal (or minimal) element of some set Ed(µ).

Example: Let p = 5, d = 2 and µ = (2, 1). Since µ is a partition of an odd

integer, namely 3, we need to add an odd number of 5-border strips to get

an even partition. One checks that one is not sufficient and

Ed(µ) = {(12, 6), (10, 8), (8, 8, 2), (8, 6, 4)}. Thus (12, 6) is (p, d)-maximal

and (8, 6, 4) is (p, d)-minimal.
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Main result

Theorem (T. 2024)

If λ is (p, 2)-maximal, then m̃p(λ) is the (p, 2)-minimal partition with the

same p-core as λ.

Example: Recall that for p = 5 we have

E2((2, 1)) = {(12, 6), (10, 8), (8, 8, 2), (8, 6, 4)}. Thus
m̃p((12, 6)) = (8, 6, 4).
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(p, d)-balanced partitions

Definition

A partition λ is (p, d)-balanced if

it is divisible by d , and

for a > 0 and any ap consecutive positions in its James abacus ending

with a bead, the number of empty places there is divisible by d .

. . .. . .

4 4

8

Figure: The partition (12, 6) is (5, 2)-balanced.

Note that we only need to check ap positions preceded by an empty space.
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(p, d)-shift-balanced partitions

Definition

A partition λ is (p, d)-shift-balanced if

it is divisible by d , and

for a > 0 and any ap + 1 consecutive positions in its James abacus

ending in a bead, the number of empty places there is divisible by d .

. . .. . .

4

4

Figure: The partition (8, 6, 4) is (5, 2)-shift-balanced.

Note that we only need to check ap + 1 positions starting with an empty

space.
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Ingredients

The main result then follows from the stronger statement.

Theorem (T. 2024)

The map m̃p sends (p, d)-balanced partitions to (p, d)-shift-balanced

partitions.

This is because for d = 2 the following holds.

Proposition

The (p, 2)–maximal (respectively (p, 2)-minimal) partitions are precisely

the (p, 2)-balanced ((p, 2)-shift-balanced) partitions.
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Unbalanced partitions

Definition

A partition λ is (p, d)-unbalanced if

it is divisible by d , and

for a > 0 and any ap consecutive positions in its James abacus ending

in a bead and preceded by an empty place, the number of empty

places there is not divisible by d .

Definition

A partition λ is (p, d)-shift-unbalanced if

it is divisible by d , and

for a > 0 and any ap + 1 consecutive positions in its James abacus

ending in a bead and starting with an empty place, the number of

empty places there is not divisible by d .
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What happens if d > 2?

Note that (p, d)-balanced implies (p, d)-shift-unbalanced

and

(p, d)-shift-balanced implies (p, d)-unbalanced. If d = 2, the implications

become equivalences.

We generalise an earlier proposition as follows.

Proposition

The (p, d)-maximal partitions and (p, d)-shift-unbalanced partitions

coincide.

Conjecture

The (p, d)-minimal partitions and (p, d)-unbalanced partitions coincide.

It looks like the main theorem remains true for any d as long as we impose

some restrictions on the underlying p-core.
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