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Multiplicity-free characters

Let G be a (finite) group and V a finite-dimensional CG-module.
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Multiplicity-free characters

Let G be a (finite) group and V a finite-dimensional CG-module. The

character of V is a (class) function p: G — C given by the traces of the
G-action on V. We adapt the following notions to characters:

@ direct sum and tensor products,
@ irreducibility and decomposition,

@ induction and restriction.

We say that a character is multiplicity-free if it has no irreducible
constituent of multiplicity more than one.
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Multiplicity-free characters

Let G be a (finite) group and V a finite-dimensional CG-module. The

character of V is a (class) function p: G — C given by the traces of the
G-action on V. We adapt the following notions to characters:

@ direct sum and tensor products,
@ irreducibility and decomposition,

@ induction and restriction.

We say that a character is multiplicity-free if it has no irreducible
constituent of multiplicity more than one.

Example: Any irreducible character is multiplicity-free.
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Multiplicity-free characters

Let G be a (finite) group and V a finite-dimensional CG-module. The
character of V is a (class) function p: G — C given by the traces of the
G-action on V. We adapt the following notions to characters:

@ direct sum and tensor products,
@ irreducibility and decomposition,
@ induction and restriction.

We say that a character is multiplicity-free if it has no irreducible
constituent of multiplicity more than one.

Example: Any irreducible character is multiplicity-free. The character of

the regular representation of G is multiplicity-free if and only if G is
abelian.
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Multiplicity-free characters

Let G be a (finite) group and V a finite-dimensional CG-module. The
character of V is a (class) function p: G — C given by the traces of the
G-action on V. We adapt the following notions to characters:

@ direct sum and tensor products,

@ irreducibility and decomposition,

@ induction and restriction.

We say that a character is multiplicity-free if it has no irreducible
constituent of multiplicity more than one.

Example: Any irreducible character is multiplicity-free. The character of
the regular representation of G is multiplicity-free if and only if G is
abelian. The natural permutation characters of symmetric groups are
multiplicity-free.
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Setting

Fix a non-negative integer n.
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Setting

Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free.
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Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free. A subgroup
G < S, is multiplicity-free if there is an induced-multiplicity-free character
of G.
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Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free. A subgroup
G < S, is multiplicity-free if there is an induced-multiplicity-free character
of G.

Example: The groups S, and A, are multiplicity-free.
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Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free. A subgroup
G < S, is multiplicity-free if there is an induced-multiplicity-free character
of G.

Example: The groups S, and A, are multiplicity-free. The trivial group is
multiplicity-free if and only if n < 2.
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Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free. A subgroup
G < S, is multiplicity-free if there is an induced-multiplicity-free character
of G.

Example: The groups S, and A, are multiplicity-free. The trivial group is
multiplicity-free if and only if n < 2.

Q1: What are the multiplicity-free subgroups of S,,?
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Fix a non-negative integer n. Given a character p of a subgroup G < §,,,
we say p is induced-multiplicity-free if pT'z" is multiplicity-free. A subgroup
G < S, is multiplicity-free if there is an induced-multiplicity-free character
of G.

Example: The groups S, and A, are multiplicity-free. The trivial group is
multiplicity-free if and only if n < 2.

Q1: What are the multiplicity-free subgroups of S,?
Q2: For each multiplicity-free subgroup G < S,, what are the irreducible
induced-multiplicity-free characters of G?
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Multiplicity-free characters of S, in literature

The classification of multiplicity-free permutation characters of S, - Wildon
in 2009 (for n > 66) and independently Godsil and Meagher in 2010.
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Multiplicity-free characters of S, in literature

The classification of multiplicity-free permutation characters of S, - Wildon
in 2009 (for n > 66) and independently Godsil and Meagher in 2010.
The classification of subgroups G < S, with all irreducible characters of G

being induced-multiplicity-free - Anderson, Humphries and Nicholson in
2021.
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Multiplicity-free characters of S, in literature

The classification of multiplicity-free permutation characters of S, - Wildon
in 2009 (for n > 66) and independently Godsil and Meagher in 2010.

The classification of subgroups G < S, with all irreducible characters of G
being induced-multiplicity-free - Anderson, Humphries and Nicholson in
2021.

The first result finds Gelfand pairs (Sp, G) (the trivial character of G
induced to S, is multiplicity-free).
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The classification of multiplicity-free permutation characters of S, - Wildon
in 2009 (for n > 66) and independently Godsil and Meagher in 2010.

The classification of subgroups G < S, with all irreducible characters of G
being induced-multiplicity-free - Anderson, Humphries and Nicholson in
2021.

The first result finds Gelfand pairs (Sp, G) (the trivial character of G
induced to S, is multiplicity-free).

The second result classifies strong Gelfand pairs (S,, G) (all irreducible
characters of G induced to S, are multiplicity-free).
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Multiplicity-free characters of S, in literature

The classification of multiplicity-free permutation characters of S, - Wildon
in 2009 (for n > 66) and independently Godsil and Meagher in 2010.

The classification of subgroups G < S, with all irreducible characters of G
being induced-multiplicity-free - Anderson, Humphries and Nicholson in
2021.

The first result finds Gelfand pairs (Sp, G) (the trivial character of G
induced to S, is multiplicity-free).

The second result classifies strong Gelfand pairs (S,, G) (all irreducible
characters of G induced to S, are multiplicity-free).

Our Q1 asks for ‘weak Gelfand pairs’ (S5, G).

Pavel Turek (Royal Holloway) Multiplicity-free induced characters of S, April 30, 2024



Outline

© Representation theory of symmetric groups in characteristic 0
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Partitions

A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size [A| ;== >0 A\
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive

integers with size [A| ;= >_/_; A;. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive

integers with size [A| ;= >_/_; A;. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of A is Y = {(i,j) eN?2:ji<t,j< )\,-}.
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size |\| 1= Ele Ai. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of Xis Yy = {(i,j) € N> : i < t,j < \j}. We write
pCXNif Y, C Y.
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size |\| 1= Ele Ai. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of Xis Yy = {(i,j) € N> : i < t,j < \j}. We write
pCXNif Y, C Y.

Example: The Young diagram of the partition (4,3,1).
|
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size |\| 1= Ele Ai. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of Xis Yy = {(i,j) € N> : i < t,j < \j}. We write
pCXNif Y, C Y.

Example: The Young diagram of the partition (4,3,1).
|

The conjugate partition of )\, denoted by ), is the partition such that
Y/\’ = {(Ia./) : (ja I) € Y)x}
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size [A| ;= >_/_; A;. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of A is Yy = {(i,j) eEN?:i<t,j< )\,-}. We write
pCXNif Y, C Y.

Example: The Young diagrams of the partition (4,3, 1) and its conjugate
partition (3,2,2,1).

The conjugate partition of )\, denoted by )/, is the partition such that
Y/\’ = {(Ia./) : (ja I) € Y)\}
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A partition is a non-increasing sequence A = (A1, A2, ..., A¢) of positive
integers with size [A| ;= >_/_; A;. We call the elements \; parts and say A
is a partition of n and write A - n if |A| = n.

The Young diagram of A is Yy = {(i,j) eEN?:i<t,j< )\,-}. We write
pCXNif Y, C Y.

Example: The Young diagrams of the partition (4,3, 1) and its conjugate
partition (3,2,2,1) often denoted as (3,22, 1).

The conjugate partition of )\, denoted by )/, is the partition such that
Y/\’ = {(Ia./) : (ja I) € Y)\}
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.

We will often use the identity y* x sgn = XX-
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.
We will often use the identity y* x sgn = XX-

Example: The characters x(" and y(1") are the trivial character and the
sign of S, respectively.
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.
We will often use the identity y* x sgn = XX-

Example: The characters x(" and y(1") are the trivial character and the

sign of Sy, respectively. The natural permutation character of S,
decomposes as y (" 4 y (=11
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.

We will often use the identity y* x sgn = XX-

Example: The characters x(" and y(1") are the trivial character and the
sign of S, respectively. The natural permutation character of S,

decomposes as y (" 4 y (=11

The irreducible characters of Sy x S; are x* X x* where - k and v = |.
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Characters of symmetric groups

The irreducible characters of the symmetric group S,,, commonly denoted
by x*, are labelled by partitions \ of n.

We will often use the identity y* x sgn = XX-

Example: The characters x(" and y(1") are the trivial character and the
sign of S, respectively. The natural permutation character of S,

decomposes as y (" 4 y (=11

The irreducible characters of Sy x S; are x* X x* where - k and v = |.
The irreducible characters (3‘ 51 1Sy are constructed from the elementary
irreducible characters (x*)*"x" where - m and v F h.
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TSI,:;/S,  SuSy,
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TSI,:;/S,  SuSy,

° ((Xu);hxu> g:’z’sh — plethysm s, 0's,,.
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TS:;IS/  SuSy,
— s
° ((X“)th”> o ?Sh — plethysm s, 0 5,.
There are classifications of various multiplicity free symmetric functions

@ products of Schur functions - Stembridge 2001,
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TS:;IS/  SuSy,
— s
° ((X“)th”) o ’Z’Sh — plethysm s, 0 5,.
There are classifications of various multiplicity free symmetric functions:

@ products of Schur functions - Stembridge 2001,

@ plethysms of Schur functions - Bessenrodt, Bowman and Paget 2022,
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TS:;IS/  SuSy,

’77 Smh
° ((X“)X XV) sos, plethysm s, o's;,.
There are classifications of various multiplicity free symmetric functions:

@ products of Schur functions - Stembridge 2001,

@ plethysms of Schur functions - Bessenrodt, Bowman and Paget 2022,

@ combined products sy(s, 0s,) - T. 2023.
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Symmetric functions

The characters of symmetric groups and the symmetric functions are
linked via the following dictionary:

@ \* — Schur function sy,

S
o (x* X x") TSZZIS,  SuSy,

° ((X“);”X’J) g:’z’sh > plethysm s, o s,,.
There are classifications of various multiplicity free symmetric functions:
@ products of Schur functions - Stembridge 2001,
@ plethysms of Schur functions - Bessenrodt, Bowman and Paget 2022,
@ combined products sy(s, 0s,) - T. 2023.

In fact, for n sufficiently large, these are the only multiplicity-free
‘compositions’ of 3 or more Schur function.
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© Necessary conditions for multiplicity-free subgroups
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
Consequently, multiplicity-free subgroups G satisfy |G| > n!/a,.
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
Consequently, multiplicity-free subgroups G satisfy |G| > n!/a,.
In fact a, counts the involutions of S, and thus a, < n!/ (2[4]!)
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
Consequently, multiplicity-free subgroups G satisfy |G| > n!/a,.

In fact a, counts the involutions of S, and thus a, < n!/ (2[4]!) (and for
n>11 also a, < n!/(2"1)).
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
Consequently, multiplicity-free subgroups G satisfy |G| > n!/a,.

In fact a, counts the involutions of S, and thus a, < n!/ (2[4]!) (and for
n>11 also a, < n!/(2"1)).

Theorem (Mardti, 2002)
Let G be a primitive subgroup of S, which is not S, or A,. Then the order

of G is less or equal to 27! or n < 24.
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Small subgroups

Multiplicity-free characters of S, have degree at most a, := >, x (1)
Consequently, multiplicity-free subgroups G satisfy |G| > n!/a,.

In fact a, counts the involutions of S, and thus a, < n!/ (2[4]!) (and for
n>11 also a, < n!/(2"1)).

Theorem (Mardti, 2002)
Let G be a primitive subgroup of S, which is not S, or A,. Then the order
of G is less or equal to 27! or n < 24.

The lower bound on |G| also eliminates, for example, the diagonal

subgroup of S; x 5.
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Non-transitive subgroups

Multiplicity-free subgroups have at most two orbits as shown by
Stembridge.

Theorem (Stembridge, 2001)

Let A, v and v be non-empty partitions. Then sys;s, is not

multiplicity-free.
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Non-transitive subgroups

Multiplicity-free subgroups have at most two orbits as shown by

Stembridge.

Theorem (Stembridge, 2001)

Let A, v and v be non-empty partitions. Then sys;s, is not

multiplicity-free.

With an extra work | have shown that multiplicity-free subgroups
K x L < S x S satisfy either K = S or K= A, (or L= S;0r L =A)).
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Non-transitive subgroups

Multiplicity-free subgroups have at most two orbits as shown by
Stembridge.

Theorem (Stembridge, 2001)

Let A, v and v be non-empty partitions. Then sys;s, is not

multiplicity-free.

With an extra work | have shown that multiplicity-free subgroups
K x L < S x S satisfy either K = S or K= A, (or L= S;0r L =A)).
Moreover if K = Ay, then | <9.
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Non-transitive subgroups

Multiplicity-free subgroups have at most two orbits as shown by
Stembridge.

Theorem (Stembridge, 2001)

Let A, v and v be non-empty partitions. Then sys;s, is not

multiplicity-free.

With an extra work | have shown that multiplicity-free subgroups
K x L < S x S satisfy either K = S or K= A, (or L= S;0r L =A)).
Moreover if K = Ay, then | <9.

This impacts non-elementary irreducible induced-multiplicity-free

characters of wreath products.
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Outline

@ Combinatorics for index two subgroups
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Index two subgroups

Suppose that G #= N := G N A,.
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and

@ p X sgn = p, then pl,c\; has two irreducible constituents
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then pl,(\;, has two irreducible constituents and if x is one
of them, then KT':I" = pT'Z";
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then pl,(\;, has two irreducible constituents and if x is one
of them, then ET':I" = pT'Z";
@ p X sgn # p, then k := pl,c\j is irreducible
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then plﬁ has two irreducible constituents and if « is one
of them, then ET‘:," = pT‘z.";
@ p X sgn # p, then k 1= pl,fl is irreducible and
wTw =01g +eld xsen
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then plﬁ has two irreducible constituents and if « is one
of them, then ET‘:," = pT‘z.";
@ p X sgn # p, then k 1= pl,fl is irreducible and
wTw =elg +old xsen
In the first case, « is induced-multiplicity-free if and only if p is
induced-multiplicity-free.
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then plﬁ has two irreducible constituents and if « is one
of them, then ET‘:," = pT‘z.";
@ p X sgn # p, then k 1= pl,fl is irreducible and
wTw =elg +old xsen
In the first case, « is induced-multiplicity-free if and only if p is
induced-multiplicity-free.

Sn .
In the second case we also need pTG not to have constituents of the form
x* and " for some A.
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then plﬁ has two irreducible constituents and if « is one
of them, then ET‘:," = pT‘z.";
@ p X sgn # p, then k 1= pl,fl is irreducible and
wTw =elg +old xsen
In the first case, « is induced-multiplicity-free if and only if p is
induced-multiplicity-free.
In the second case we also need pTz." not to have constituents of the form
x* and " for some A.

Example: Let G =S, x S3 and p =y X x(21 . Since pT”ZS decomposes
as x4 (32 1 X(S’IZ) + X(22’1), the character pl,(\;, is not

induced-multiplicity-free.
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Index two subgroups

Suppose that G #= N := G N A,,. The irreducible characters of N are
obtained as follows: if p is an irreducible character of G and
@ p X sgn = p, then plﬁ has two irreducible constituents and if « is one
of them, then ET‘:," = pT‘z.";
@ p X sgn # p, then k 1= pl,fl is irreducible and
wTw =elg +old xsen
In the first case, « is induced-multiplicity-free if and only if p is
induced-multiplicity-free.
In the second case we also need pTz." not to have constituents of the form
x* and " for some A.

Example: Let G =S, x S3 and p =y X x(21 . Since pT”ZS decomposes
as x4 (32 1 X(3712) + X(22’1), the character pl,(\;, is not

induced-multiplicity-free.
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Example: even partitions

A partition is even if all its parts are even.
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Example: even partitions

A partition is even if all its parts are even.

Proposition

Let p = (X(z));”x(h). The character pTgi'z’sh is multiplicity-free with
constituents labelled by even partitions of 2h.
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Example: even partitions

A partition is even if all its parts are even.

Proposition

Let p = (X(z));”x(h). The character pTgi'z’sh is multiplicity-free with
constituents labelled by even partitions of 2h.

Example: Let p = (x®)*3x®). The character pT§;53 decomposes as
3
X(6) + X(472) _|_ X(2 )
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Example: even partitions

A partition is even if all its parts are even.

Proposition

Let p = (X(z));”x(h). The character pTgi'z’sh is multiplicity-free with
constituents labelled by even partitions of 2h.

Example: Let p = (x®)*3x®). The character pTg;_% decomposes as
3
X(6) + X(472) _|_ X(2 )

Let h be a non-negative integer. There is an even partition X\ of 2h such
that \ is also even if and only if h is even.
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Example: even partitions

A partition is even if all its parts are even.

Proposition

Let p = (X(z));”x(h). The character pTgi'z’sh is multiplicity-free with
constituents labelled by even partitions of 2h.

Example: Let p = (x®)*3x®). The character pTg;_% decomposes as
3
X(6) + X(472) _|_ X(2 )

Let h be a non-negative integer. There is an even partition X\ of 2h such

that \ is also even if and only if h is even.

Example: Let G = $,2 511 and p = (x®)*MxL. Then pl/(\;/ is
induced-multiplicity-free.
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Example: even partitions

A partition is even if all its parts are even.

Proposition

Let p = (X(z));”x(h). The character pTgi'z’sh is multiplicity-free with
constituents labelled by even partitions of 2h.

Example: Let p = (x®)*3x®). The character pTg;_% decomposes as
3
X(6) + X(472) _|_ X(2 )

Let h be a non-negative integer. There is an even partition X\ of 2h such

that \ is also even if and only if h is even.

Example: Let G = S 510 and p = (X(z))iﬁ)xlo_ Then pl,(\;l is not
induced-multiplicity-free.
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/ b sz v 52ab
Formula for ((X(a ))*2x ) 5.5,

For a, b € N we say that a partition A of size 2ab is (a, b)-birectangular if
for all 1 <7 < 2b the equality A\;j + Aop+1—; = 2a holds true.
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Formula for ((X(ab))ﬁxu) §221;52

For a, b € N we say that a partition A of size 2ab is (a, b)-birectangular if
for all 1 <7 < 2b the equality A\;j + Aop+1—; = 2a holds true.

Proposition

Let p = (x(#))*2x". The character pT?Z‘I’SZ with v = (2) and v = (12) is

multiplicity-free with constituents labelled by (a, b)-birectangular partitions
A such that A\; + - - - + Ap is even, respectively, odd.
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Formula for ((\(a )XZXV) ?2?52

For a, b € N we say that a partition A of size 2ab is (a, b)-birectangular if
for all 1 <7 < 2b the equality A\;j + Aop+1—; = 2a holds true.

Proposition

Let p = (x(#))*2x". The character pTSQ"‘I’S with v = (2) and v = (12) is
multiplicity-free with constituents labelled by (a, b)-birectangular partitions

A such that A\; + - - - + Ap is even, respectively, odd.

Example: Let p; = (X(32));2X(2) and pp = (@ )) 2y(*) One of the
).

irreducible constituents of p; :255 is labelled by (3*
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Formula for ((X(ab))ﬁxu) §221;52

For a, b € N we say that a partition A of size 2ab is (a, b)-birectangular if
for all 1 <7 < 2b the equality A\;j + Aop+1—; = 2a holds true.

Proposition

Let p = (X("b));éx”. The character pT?Z?Sz with v = (2) and v = (12) is

multiplicity-free with constituents labelled by (a, b)-birectangular partitions
A such that A\; + --- 4+ \p is even, respectively, odd.

Example: Let p; = (X(32));<V2X(2) and pp = (X(32));<V2X(12). One of the
). If we consider

, : , S .
irreducible constituents of plTsijsz is labelled by (3*
pzT;ljsz instead, we obtain a label (5,4,2,1).
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Birectangular partitions |

Proposition (T, 2023)

Let a > b be positive integers and write d = a — b. There is a partition A
such that A and X are (a, b)-birectangular if and only if d|a. Moreover, in
such a case A = ((2b)%9, (2b — 2d)%9, ..., (2d)?9).
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Birectangular partitions |

Proposition (T, 2023)

Let a > b be positive integers and write d = a — b. There is a partition A
such that A and X are (a, b)-birectangular if and only if d|a. Moreover, in
such a case A = ((2b)%9, (2b — 2d)%9, ..., (2d)?9).

Example: The unique partition A = (62,42,22) such that A and )\ are
both (4, 3)-birectangular.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/c\;/ is induced-multiplicity-free if and only if there are no

. Sn
constituents x* and x* of pT .
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of ,oTé”.

o If p= (X(ab));le,’ then stM is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of 'OTZ”'

o If p= (X(ab));le,’ then pTSM’ is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).

@ There is A such that A and X’ are (a, b)-birectangular if and only if
a— b a. Insuch a case \ is self-conjugate and even.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of 'OTZ”'

o If p= (X(ab));le,’ then pTSM’ is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).

@ There is A such that A and X’ are (a, b)-birectangular if and only if
a— b a. Insuch a case \ is self-conjugate and even.

Example: Let G = 51505, and p = (X(53));§X(2). Then pl,c\;l is
induced-multiplicity-free.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of 'OTZ”'

o If p= (X(ab));le,’ then pTSM’ is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).

@ There is A such that A and X’ are (a, b)-birectangular if and only if
a— b a. Insuch a case \ is self-conjugate and even.

Example: Let G = 51505, and p = (X(53));§X(12). Then plz is
induced-multiplicity-free.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of 'OTZ”'

o If p= (X(ab));le,’ then pTSM’ is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).

@ There is A such that A and X’ are (a, b)-birectangular if and only if
a— b a. Insuch a case \ is self-conjugate and even.

Example: Let G = 51215, and p = (X(43))X~2X(12)- Then plz is
induced-multiplicity-free.
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Example: birectangular partitions

Recall the setting G # N := G N A, and the following results.

o If p £ p X sgn is an irreducible induced-multiplicity-free character of
G, then pl/(\;/ is induced-multiplicity-free if and only if there are no
constituents x* and x" of 'OTZ”'

o If p= (X(ab));le,’ then pTSM’ is multiplicity-free with irreducible

Sab252
constituents labelled by (a, b)-birectangular partitions A such that

A1+ -+ Ap is even for v = (2), respectively, odd for v = (12).

@ There is A such that A and X’ are (a, b)-birectangular if and only if
a— b a. Insuch a case \ is self-conjugate and even.

Example: Let G = 512015, and p = (X(43));V2X(2)- Then pl,(\;, is not
induced-multiplicity-free.
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Birectangular partitions Il

Proposition (T, 2023)

Let t be a non-negative integer. Suppose that a > b are positive integers.
Write d = a— b and 0 < r < d — 1 for the remainder of a modulo d.
There is a partition A of 2ab + t such that for some (a, b)-birectangular
partitions p and v we have p, v’ C X if and only if t > 2r(d — r).
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Birectangular partitions Il

Proposition (T, 2023)

Let t be a non-negative integer. Suppose that a > b are positive integers.
Write d = a— b and 0 < r < d — 1 for the remainder of a modulo d.
There is a partition A of 2ab + t such that for some (a, b)-birectangular
partitions p and v we have p, v’ C X if and only if t > 2r(d — r).

Example: (7,62,5,4,3,1) has size 32 and contains a (5, 3)-birectangular

partition.
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Birectangular partitions Il

Proposition (T, 2023)

Let t be a non-negative integer. Suppose that a > b are positive integers.
Write d = a— b and 0 < r < d — 1 for the remainder of a modulo d.
There is a partition A of 2ab + t such that for some (a, b)-birectangular
partitions p and v we have pu, v’ C X if and only if t > 2r(d — r).

Example: (7,62,5,4,3,1) has size 32 and contains a (5, 3)-birectangular
partition and a conjugate of a (5, 3)-birectangular partition.

x|
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Birectangular partitions Il

Proposition (T, 2023)

Let t be a non-negative integer. Suppose that a > b are positive integers.
Write d = a— b and 0 < r < d — 1 for the remainder of a modulo d.
There is a partition A of 2ab + t such that for some (a, b)-birectangular
partitions p and v we have pu, v’ C X if and only if t > 2r(d — r).

Example: (7,62,5,4,3,1) has size 32 and contains a (5, 3)-birectangular
partition and a conjugate of a (5, 3)-birectangular partition.
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Outline

e Main results
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Multiplicity-free subgroups of S, (light version)

Theorem (T, 2023)

Suppose that n > 66. Multiplicity-free subgroups of S,, are given by
certain subgroups of index 1,2 and 4 of

Q Sk xS,
Q Sk X Sm1Sy,
© Sk X 5205,
Q S!S,

@ Sk x L where L is one of PI'Ly(Fg) < Sg, ASL3(F2) < Sg,
PGL2(IF5) < 56 and AGLl(F5) < 55,

where k,/ > 0,m> 2 and h > 3.
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Multiplicity-free subgroups of S, (light version)

Theorem (T, 2023)

Suppose that n > 66. Multiplicity-free subgroups of S, are given by
certain subgroups of index 1,2 and 4 of

Q Sk xS,
Q Sk X Sm1Sy,
© Sk X 5205,
Q S!S,

@ Sk x L where L is one of PI'Ly(Fg) < Sg, ASL3(F2) < Sg,
PGL2(IF5) < 56 and AGLl(F5) < 55,

where k,/ > 0,m> 2 and h > 3.

The trivial characters of groups in (2), (3) and (4) are not
induced-multiplicity-free, provided k > 2.
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Multiplicity-free subgroups of S, (full version)

Theorem (T, 2023)

Let n > 66. A subgroup G < S, is multiplicity-free if and only if it belongs to the list
(throughout k,/ >1, m > 2 and h > 3):

Q S, and A,
e Sk X Sy, (Sk X 5/) N Akt and Ag X S; with k # 2 and Ag x A with k, [ # 2,

© Sk X Sm1S2 and for k ¢ {2m —3,2m —2,2m — 1,2m} also groups
(Sk X Sm152) N Ayom and Ty m o2,

Q@ Sk X S21Sy and for k > 2h+ 2 also (Sk X S 1 Sp) N Axyan,
Q 515, (Sm1S2) N Aoy Am 1Sz and Tipy 2,

Q@ 5215, and (521 55) N Agp,

@ 5m153,(Sm1S3)N Az and T3,

@ Sk x LAk x L and (Sk x L) N A, where L is one of PI'L(2,8), ASL(3,2), PGL(2,5) and
AGL(1,5),

e A X S 1Sz, N and Tkyg’h with h € {3,4},
@ An 1S, with n =2m + 1 provided m is a square.
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Multiplicity-free subgroups of S, (full version)

Theorem (T, 2023)

Let n > 66. A subgroup G < S, is multiplicity-free if and only if it belongs to the list
(throughout k,/ >1, m > 2 and h > 3):

Q S, and A,
e Sk X Sy, (Sk X 5/) N Akt and Ag X S; with k # 2 and Ag x A with k, [ # 2,

© Sk X Sm1S2 and for k ¢ {2m —3,2m —2,2m — 1,2m} also groups
(Sk X Sm152) N Ayom and Ty m o2,

Q@ Sk X S21Sy and for k > 2h+ 2 also (Sk X S 1 Sp) N Axyan,
Q 515, (Sm1S2) N Aoy Am 1Sz and Tipy 2,

Q@ 5215, and (521 55) N Agp,

@ 5m153,(Sm1S3)N Az and T3,

@ Sk x LAk x L and (Sk x L) N A, where L is one of PI'L(2,8), ASL(3,2), PGL(2,5) and
AGL(1,5),

e Ak X 52152, N and Tkyg’h with h € {3,4},
@ An 1S, with n=2m + 1 provided m is a square.
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Induced-multiplicity-free characters of (S, Sp) N Azp,

To demonstrate our partial answer to Q2 we present the irreducible
induced-multiplicity-free characters of (S22 Sp) N Azp and (Sm t S2) N Aom.

Pavel Turek (Royal Holloway) Multiplicity-free induced characters of S, April 30, 2024



Induced-multiplicity-free characters of (S, Sp) N Azp,

To demonstrate our partial answer to Q2 we present the irreducible
induced-multiplicity-free characters of (S22 Sp) N Azp and (Sm t S2) N Aom.

Theorem (T, 2023)

Let h > 33. The irreducible induced-multiplicity-free characters of
G = (5215p) N Ay are ((X(2))th(1h)) l?zs,, and for odd h also

((x(z));”x(”)) [
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Induced-multiplicity-free characters of (S, Sp) N Azp,

To demonstrate our partial answer to Q2 we present the irreducible
induced-multiplicity-free characters of (S22 Sp) N Azp and (Sm t S2) N Aom.

Theorem (T, 2023)
Let h > 33. The irreducible induced-multiplicity-free characters of
G = (5215p) N Agpy are ((X(2))th(1h)) l?zsh and for odd h also

((x(”);”x(h)) [

The second character appears only for odd h as noted in an earlier

example.
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Induced-multiplicity-free characters of (S, ¢ S2) N Ao

Theorem (T, 2023)
Let m > 37. The elementary irreducible induced-multiplicity-free
characErs of G = (5, 1S2) N Aapy, are the irreducible constituents of
((x“)“x”) 2"“52 with:
@ 1 of the form (a?) such that a — b{a or v = (1%);
@ 1 of the form (a+ 1, b) with b > a+ 1;
© 1 of the form (a+1,a>71),(a% 1) or (a®~%,a — 1) with a > b+ 2
and a— bt a;
Q u of the form ((2b)>~1,2b — 1), (2b + 1, (2b)?71) or
(3b+1,(3b)%P71);

@ 1 of the form (a®~!,a — 1) provided m is even.
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Induced-multiplicity-free characters of (S, ¢ S2) N Ao

Theorem (T, 2023)
Let m > 37. The elementary irreducible induced-multiplicity-free
characErs of G = (5, 1S2) N Aapy, are the irreducible constituents of
((x“)“x”) 2"“52 with:
@ 1 of the form (a?) such that a — b{a or v = (1%);
@ 1 of the form (a+ 1, b) with b > a+ 1;
© 1 of the form (a+1,a>71),(a% 1) or (a®~%,a — 1) with a > b+ 2
and a— bt a;
Q u of the form ((2b)>~1,2b — 1), (2b + 1, (2b)?71) or
(3b+1,(3b)%P71);

@ 1 of the form (a®~!,a — 1) provided m is even.
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Induced-multiplicity-free characters of (S, ¢ S2) N Ao

Theorem (T, 2023)
Let m > 37. The elementary irreducible induced-multiplicity-free
characErs of G = (5, 1S2) N Aapy, are the irreducible constituents of
((x“)“x”) 2"“52 with:
@ 1 of the form (a?) such that a — b{ a or v = (1%);
@ 1 of the form (a+ 1, b) with b > a+ 1;
© 1 of the form (a+1,a>71),(a% 1) or (a®~%,a — 1) with a > b+ 2
and a— bt a;
Q u of the form ((2b)>~1,2b — 1), (2b + 1, (2b)?71) or
(3b+1,(3b)%P71);

@ 1 of the form (a®~!,a — 1) provided m is even.
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Induced-multiplicity-free characters of (S, ¢ S2) N Ao

Theorem (T, 2023)
Let m > 37. The elementary irreducible induced-multiplicity-free
characErs of G = (5, 1S2) N Aapy, are the irreducible constituents of
((x“)“x”) 2"“52 with:
@ 1 of the form (a?) such that a — b{a or v = (1%);
@ 1 of the form (a+ 1, b) with b > a+ 1;
© 1 of the form (a+1,a>71),(a% 1) or (a®7%,a — 1) with a > b+ 2
and a— bt a;
Q u of the form ((2b)>~1,2b — 1), (2b + 1, (2b)?71) or
(3b+1,(3b)%P71);

@ 1 of the form (a®~!,a — 1) provided m is even.
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