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Ring of symmetric functions

Let A denote the graded ring of symmetric functions in variables x1, xo, . . .
over integers.
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Ring of symmetric functions

Let A denote the graded ring of symmetric functions in variables x1, xo, . . .
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Example: x12x2 + X22X1 + X12X3 + X§X1 + X22X3 + X§X2 ... and
2x1X0X3 + 2x1X0Xa + 2x1X3X4 + 2X0X3%4 + . . . are elements of A of degree 3.
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Ring of symmetric functions

Let A denote the graded ring of symmetric functions in variables x1, xo, . . .
over integers.
Example: 2 2 2 2 2 2 d
pler Xyx2 + X5X1 + X{X3 + X3X1 + X5Xx3 + X5X2 ... an
2x1X0X3 + 2x1X0Xa + 2x1X3X4 + 2X0X3%4 + . . . are elements of A of degree 3.

Specialisation to N variables x1, x, ..., xy yields the ring of symmetric
polynomials in Z[xy, x2, ..., xn]-

Example: x12x2 + x22x1 + X12X3 + x§x1 + X22X3 + xsgxz and 2x1x2x3 are the
elements from the previous example specialised to N = 3 variables.
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Ring of symmetric functions

Let A denote the graded ring of symmetric functions in variables x1, xo, . . .
over integers.
Example: 2 2 2 2 2 2 d
pler Xyx2 + X5X1 + X{X3 + X3X1 + X5Xx3 + X5X2 ... an
2x1X0X3 + 2x1X0Xa + 2x1X3X4 + 2X0X3%4 + . . . are elements of A of degree 3.

Specialisation to N variables x1, x, ..., xy yields the ring of symmetric
polynomials in Z[xy, x2, ..., xn]-

Example: x12x2 + x22x1 + X12X3 + x§x1 + X22X3 + xsgxz and 2x1x2x3 are the
elements from the previous example specialised to N = 3 variables.

To understand the elements of A of degree at most d, it is sufficient to
specialise to N > d variables.
We write QA = Q ®z A for the ring of symmetric functions over rational

numbers.
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Connection to representation theory

PolyGL-mod Sym-mod
oY o Schur functors Yo

PolyGL-mod stands for polynomial representations of general linear group.
Sym-mod denotes the representations of symmetric groups.
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Composition 8 = (1, B2, ..., Bt) of m (of length t) is a sequence of
non-negative integers which add up to m.
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Composition 8 = (1, B2, ..., Bt) of m (of length t) is a sequence of
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Example: The Young diagram of (8,6,6,5,5,1).
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non-negative integers which add up to m. It is a partition if it is a
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Example: The Young diagram of (8,6,6,5,5,1).
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Composition 8 = (1, B2, ..., Bt) of m (of length t) is a sequence of
non-negative integers which add up to m. It is a partition if it is a
non-increasing sequence of positive integers. We represent partitions using
Young diagrams Y(A) = {(i,j) e N> : i < t,j < A}

x|x]

x| X% X

XX [X|%
XX X%

X
X

Example: The Young diagram of (8,6,6,5,5,1).

If Y(r) € Y(A), we define skew partition A\/u and its Young diagram
YA ) = YA\ Y(n).

Example: The crossed boxes form the Young diagram of
(8,6,6,5,5,1)/(5,3,3,2,2,1).
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@ Power sum symmetric functions py = px,px, - - - Pr,,» Where p; is a

sum of the rth powers of the variables. They form a basis of QA.
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@ Power sum symmetric functions py = px,px, - - - P, Where p; is a

sum of the rth powers of the variables. They form a basis of QA.
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@ Power sum symmetric functions py = px,px, - - - P, Where p; is a
sum of the rth powers of the variables. They form a basis of QA.

Example: ps(x1,x2,X3) = X3 + x5 + x5.
e Complete homogeneous symmetric functions hy = hy hy, - - - hy,,
where hp, is a sum of all the monomials of degree m. They form a

basis of A.
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Bases

@ Power sum symmetric functions py = px,px, - - - P, Where p; is a
sum of the rth powers of the variables. They form a basis of QA.
Example: p3(x1,x2,X3) = X3 + x5 + x5.

@ Complete homogeneous symmetric functions hy = hy hy, - - - hy,,
where hp, is a sum of all the monomials of degree m. They form a
basis of A.

Example: ha(x1,x2,x3) = X12 + x22 + x§ + x1X0 + X1X3 + X0X3.
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Bases

@ Power sum symmetric functions py = px,px, - - - Pr,,» Where p; is a
sum of the rth powers of the variables. They form a basis of QA.
Example: p3(x1,x2,x3) = X3 + x5 + x5.

@ Complete homogeneous symmetric functions hy = hy hy, - - - hy,,
where hp, is a sum of all the monomials of degree m. They form a
basis of A.

Example: ha(x1,x2,x3) = xl2 + x22 + xg + x1X0 + X153 + X0X3.

@ Schur functions sy which are generating functions of standard Young
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Bases

@ Power sum symmetric functions py = px,px, - - - Pr,,» Where p; is a
sum of the rth powers of the variables. They form a basis of QA.
Example: p3(x1,x2,X3) = X3 + x5 + x5.

@ Complete homogeneous symmetric functions hy = hy hy, - - - hy,,
where hp, is a sum of all the monomials of degree m. They form a
basis of A.

Example: ha(x1,x2,x3) = xl2 + x22 + xg + x1X0 + X153 + X0X3.

@ Schur functions sy which are generating functions of standard Young

tableaux of shape A. They form a basis of A.

Example:

5(271)(x1, X2,X3) = x12xz + x22x1 + X12X3 + x32x1 + X22X3 + x32xz + 2x1x0x3.
@ Other bases such as monomial symmetric functions, elementary

symmetric functions, . ...
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Schur polynomials

Schur polynomials can also be defined using antisymmetric polynomials

ag = det(xiﬂj),-,J-SN as

AN+S(N)
SA(X17X27 s 7XN) = ﬁ
O(N

)

where §(N) = (N —-1,N—2,...,0).
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Schur polynomials

Schur polynomials can also be defined using antisymmetric polynomials
a5 = det(x”);j<n as

AN+S(N)
|

as(N)

sa(x1,x2,...,xn) =

where §(N) = (N —-1,N—2,...,0).
Example:
a20 _ (F = x3)03 —3)0¢ — x3)
S X1,X0,X3) = =
(2. (22, 5) ap10  (a—x)0x—x3)(xa—x3)

= (x1 + x2)(x2 + x3)(x1 + x3)

2 2 2 2 2 2
=X{X2 +XoX1 + X{X3 + X3X1 + X5 X3 + X3X2 + 2X1X0X3.
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Schur polynomials

Schur polynomials can also be defined using antisymmetric polynomials
ag = det( ,ﬂ )ij<n as

a
sa(x1, %2, .., xn) = :;(6,\(/)\1)7
where 6(N) = (N -1,N—-2,...,0).
Example:

S (X1, 3 33) = 26200 _ (6 = 05)08 = @) (g = )
o 310 (a—x)0e—x)(a —x)

= (x1 + x2)(x2 + x3)(x1 + x3)

2 2 2 2 2 2
=X{X2 +XoX1 + X{X3 + X3X1 + X5 X3 + X3X2 + 2X1X0X3.

Schur functions correspond to ordinary irreducible representation.
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Plethysms

Informally, plethysm f o g is obtained by substituting monomials of g to f.
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Plethysms

Informally, plethysm f o g is obtained by substituting monomials of g to f.
Formally, — o g is an endomorphism of QA such that p,og = g(x{, x5, .. .).

Example: Recall that hy(x1, %2, x3) = X¥ + X3 + X3 + x1X2 + X1X3 + X2X3
and 5(2,1)(x1, Xp,X3) = x12xz + x%xl + X12X3 + x32x1 + X22X3 + x32xz + 2X1X2X3.
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Plethysms

Informally, plethysm f o g is obtained by substituting monomials of g to f.
Formally, — o g is an endomorphism of QA such that p,og = g(x{, x5, .. .).

Example: Recall that hy(x1, %2, x3) = X¥ + X3 + X3 + x1X2 + X1X3 + X2X3
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Plethysms

Informally, plethysm f o g is obtained by substituting monomials of g to f.
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subgroups, called wreath products of symmetric groups.
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Plethysms

Informally, plethysm f o g is obtained by substituting monomials of g to f.
Formally, — o g is an endomorphism of QA such that p,og = g(x{, x5, .. .).

Example: Recall that hy(x1, %2, x3) = X¥ + X3 + X3 + x1X2 + X1X3 + X2X3
and 5(2,1)(x1, Xp,X3) = X12X2 + x22x1 + X12X3 + x32x1 + X22X3 + x32xz + 2X1X2X3.

Then p3 o ha(x1,x2,x3) = x2 + x§ + x§ + 3353 + xx3 + x3x3 and
p3osp,1)(x1, X2, X3) = X833 +x8x3 + x8x3 + x§x3 4+ X553 4+ x§x3 + 2x3x3x3.

Plethysms correspond to induced characters from ‘maximal’ imprimitive
subgroups, called wreath products of symmetric groups. They are difficult
to understand, even the decomposition of s(,) o 5() as a sum of Schur

functions is not known in general.
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Labelled abacus: overview

A combinatorial model for antisymmetric polynomials introduced by Loehr
in 2010. He applied it to prove the following:

@ Pieri's rule - exs,,
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Labelled abacus: overview

A combinatorial model for antisymmetric polynomials introduced by Loehr
in 2010. He applied it to prove the following:

@ Pieri's rule - exs,,

@ Young's rule - hps,,

o the Murnaghan—-Nakayama rule - p,s,,,

o the Littlewood—Richardson rule - s\s,,

@ the combinatorial definition of Schur functions,
@ a formula for inverse Kostka numbers,

e Cauchy product (in 2019).
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Labelled abacus: overview

A combinatorial model for antisymmetric polynomials introduced by Loehr

in 2010. He applied it to prove the following:

@ Pieri's rule - exs,,

Young's rule - hpysy,,

the Murnaghan—Nakayama rule - p,s,,,

o the Littlewood—Richardson rule - s\s,,

the combinatorial definition of Schur functions,
a formula for inverse Kostka numbers,
Cauchy product (in 2019).

The proofs follow Loehr's slogan ‘when beads bump, objects cancel’.
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Labelled abacus: overview

A combinatorial model for antisymmetric polynomials introduced by Loehr

in 2010. He applied it to prove the following:

@ Pieri's rule - exs,,

Young's rule - hpysy,,

the Murnaghan—Nakayama rule - p,s,,,

o the Littlewood—Richardson rule - s\s,,

the combinatorial definition of Schur functions,
a formula for inverse Kostka numbers,
Cauchy product (in 2019).

The proofs follow Loehr's slogan ‘when beads bump, objects cancel’.

Generalisations of labelled abaci have appeared since 2010. For example,

abacus tournaments model Hall-Littlewood polynomials.
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Labelled abacus: definition

Labelled abacus with N beads consists of beads 1,2,..., N placed at
positions 0,1, .. ..

@-o-2E--® ®
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The support of labelled abacus w is a set of occupied positions;
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Labelled abacus: definition

Labelled abacus with N beads consists of beads 1,2,..., N placed at
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The support of labelled abacus w is a set of occupied positions; in the
above it is {10,7,6,4,3,1}.

Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024
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The support of labelled abacus w is a set of occupied positions; in the
above it is {10,7,6,4,3,1}.

The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position;
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The support of labelled abacus w is a set of occupied positions; in the
above it is {10,7,6,4,3,1}.

The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position; in the above it is (5,3,3,2,2,1).
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above it is {10,7,6,4,3,1}.

The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position; in the above it is (5,3,3,2,2,1).
The weight of labelled abacus w (denoted by wt(w)) is a product of
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The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position; in the above it is (5,3,3,2,2,1).
The weight of labelled abacus w (denoted by wt(w)) is a product of
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Labelled abacus with N beads consists of beads 1,2,..., N placed at
positions 0,1, .. ..

@-o-2E--® ®

The support of labelled abacus w is a set of occupied positions; in the
above it is {10,7,6,4,3,1}.

The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position; in the above it is (5,3,3,2,2,1).
The weight of labelled abacus w (denoted by wt(w)) is a product of
monomials xP°5°" °F 7. i the above it is x8x3x10xgxdx{.

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the
permutation obtained by reading the beads leftwards;
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Labelled abacus: definition

Labelled abacus with N beads consists of beads 1,2,..., N placed at
positions 0,1, .. ..

@-o-2E--® ®

The support of labelled abacus w is a set of occupied positions; in the
above it is {10,7,6,4,3,1}.

The shape of labelled abacus w is a partition with parts ¢; — i + 1, where
tj is the ith least occupied position; in the above it is (5,3,3,2,2,1).
The weight of labelled abacus w (denoted by wt(w)) is a product of
monomials xP°5°" °F 7. i the above it is x8x3x10xgxdx{.

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the
permutation obtained by reading the beads leftwards; in the above it is

1=sgn((13)(2645)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024 12 /24



Movement of beads

The key identity is ax;5(n) = 2 weabcy(r) SEN(W) wt(w), where A has

length at most N and Abcy(A) is the set of labelled abaci with N beads
and shape A.
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Movement of beads

The key identity is ax;5(n) = 2 weabcy(r) SEN(W) wt(w), where A has
length at most N and Abcy(A) is the set of labelled abaci with N beads
and shape A.

There are two simple movements of beads:
@ Swapping beads: The sign changes but the shape is preserved.
@-o- 25 (® €

(4)-o-(V(5-e-2® ©),
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Movement of beads

The key identity is ax;5(n) = 2 weabcy(r) SEN(W) wt(w), where A has
length at most N and Abcy(A) is the set of labelled abaci with N beads
and shape A.

There are two simple movements of beads:
@ Swapping beads: The sign changes but the shape is preserved.
@-o- 25 (® €

O 208 2010, €
@ Moving bead to an empty position: The shape changes. The sign
changes if and only if the bead ‘jumps over’ odd number of beads.

OR 20,08 20, ®

@ O 208 26
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Outline

© Plethystic Murnaghan—Nakayama rule
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Border strips

A connected skew partition with no 2 x 2 square is called border strip.

X
X
X
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A connected skew partition with no 2 x 2 square is called border strip.

X
X
X

The top and the bottom of a a skew partition A/ is the least and the
greatest index i, respectively, such that A\; # u;.
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A connected skew partition with no 2 x 2 square is called border strip.

X
X
X

The top and the bottom of a a skew partition A/ is the least and the

greatest index i, respectively, such that \; # ;. For border strip A/ we
define its sign as sgn(\/p) = (—1)Pottom—top,
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A connected skew partition with no 2 x 2 square is called border strip.

X
X
X

The top and the bottom of a a skew partition A/ is the least and the
greatest index i, respectively, such that \; # ;. For border strip A/ we
define its sign as sgn(\/p) = (—1)Pottom—top,

Example: The above border strip has top 2, bottom 5 and sign —1.
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A connected skew partition with no 2 x 2 square is called border strip.

X
X
X

The top and the bottom of a a skew partition A/ is the least and the
greatest index i, respectively, such that \; # ;. For border strip A/ we
define its sign as sgn(\/p) = (—1)Pottom—top,

Example: The above border strip has top 2, bottom 5 and sign —1.

The shape gives rise to a correspondence between beads which can be
moved by r positions rightwards and addable border strips of size r.

Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024



A connected skew partition with no 2 x 2 square is called border strip.

X
X
X

The top and the bottom of a a skew partition A/ is the least and the
greatest index i, respectively, such that \; # ;. For border strip A/ we
define its sign as sgn(\/p) = (—1)Pottom—top,

Example: The above border strip has top 2, bottom 5 and sign —1.

The shape gives rise to a correspondence between beads which can be
moved by r positions rightwards and addable border strips of size r. The
relative positions of the bead before and after and the sign change are

recorder by bottom, top and sign, respectively.
Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024 15 /24



Border strips - correspondence

The border strip

X [X% %

corresponds to the move

@25 L® ©)

@ O 208 26
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that

® Y0 =pand 79 = A,
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that
® Y0 =pand 79 = A,

@ the border strips have size r,
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that

® Y0 =pand 79 = A,

@ the border strips have size r,

@ their tops are in non-increasing order.
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that

® Y0 =pand 79 = A,

@ the border strips have size r,

@ their tops are in non-increasing order.

Its sign, is the product of the signs of the border strips.
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that

® Y0 =pand 79 = A,

@ the border strips have size r,

@ their tops are in non-increasing order.

Its sign, is the product of the signs of the border strips.

clel

O0|0

)
TjL L L
[saleaieaien

Example: The skew partition (8,6,6,5,5,1)/(5,3,3,2,2,1) is
5-decomposable (with d = 3). The three border strips are labelled by a, b
and c, respectively.
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r-decomposable partitions

A skew partition A\/p is r-decomposable if there are border strips
A+ /4D (0 < i < d — 1) such that

® Y0 =pand 79 = A,

@ the border strips have size r,

@ their tops are in non-increasing order.

Its sign, is the product of the signs of the border strips.

clel

O0|0

)
TjL L L
[saleaieaien

Example: The skew partition (8,6,6,5,5,1)/(5,3,3,2,2,1) is
5-decomposable (with d = 3). The three border strips are labelled by a, b
and c, respectively. Its sign is 1.

Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024 17 /24



r-decomposable partitions - correspondence

@-o-2E-L® ®
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r-decomposable partitions - correspondence

L

@205 L® ®

@ O 208 26
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r-decomposable partitions - correspondence

)
TL Lo
e aieai=ai=a

O 20,08 20, ® a

@ a8 26, o

@ 166 a
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r-decomposable partitions - correspondence

clc]

ajnin

)
TL (L |
[sakeakealen

O 20,08 20, ® a

@ a8 26, o

@ 9.0,0,6,6 a
@ D08 2046 @
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)sA,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.

@ In 1994 Desarmenien, Leclerc and Thibon used Muir's rule,
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.
@ In 1994 Desarmenien, Leclerc and Thibon used Muir's rule,

@ in 2014 Evseev, Paget and Wildon used symmetric groups,
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.
@ In 1994 Desarmenien, Leclerc and Thibon used Muir's rule,
@ in 2014 Evseev, Paget and Wildon used symmetric groups,

@ in 2016 Wildon used James' abacus and induction on m,
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,
HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.
@ In 1994 Desarmenien, Leclerc and Thibon used Muir's rule,
@ in 2014 Evseev, Paget and Wildon used symmetric groups,
@ in 2016 Wildon used James' abacus and induction on m,

@ in 2022 Cao, Jing and Liu used vertex operators.
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Statement

Theorem (Plethystic Murnaghan—Nakayama rule)

Let i be a partition and r and m be positive integers. Then

S,u(pr o hm) = Z sgn()\/;z)s)\,

HCA

where the sum runs over all r-decomposable partitions A/ of size rm.

There have been several proofs of this result.

In 1994 Desarmenien, Leclerc and Thibon used Muir's rule,

@ in 2014 Evseev, Paget and Wildon used symmetric groups,

@ in 2016 Wildon used James' abacus and induction on m,

@ in 2022 Cao, Jing and Liu used vertex operators.

By repeated applications of the rule, one obtains the decomposition of
Su(Pp © hv).
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Case m=1

If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips \/u of size r.
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If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips A/ of size r. For N large enough, we multiply both sides by asy)
to get

au+5(N)pr(X1, X2, ... ,XN) = Z sgn()\/u)a,w(;(,v).
HCEA
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If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips A/ of size r. For N large enough, we multiply both sides by asy)

to get

3, smyPr(xe, xa, o) = Y sen(A i) aris(n)
HCEA

This can be written as

Z Z sgn(w)wt(w)x,-rzz Z sgn(A/p) sgn(w) wt(w).

i=1 weAbcy(p) HCX weAbey(A)

May 1, 2024

Plethystic Murnaghan—Nakayama rule
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If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips A/ of size r. For N large enough, we multiply both sides by asy)

to get

3, smyPr(xe, xa, o) = Y sen(A i) aris(n)
HCEA

This can be written as
Z Z sgn(w) wt(w)x = Z Z sgn(A/p) sgn(w) wt(w).
i=1 weAbcy(p) HCX weAbey(A)

For a given pair (i, w) we attempt to move bead i by r places rightwards.
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If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips A/ of size r. For N large enough, we multiply both sides by asy)
to get

3, smyPr(xe, xa, o) = Y sen(A i) aris(n)
HCEA

This can be written as
Z Z sgn(w) wt(w)x = Z Z sgn(A/p) sgn(w) wt(w).
i=1 weAbcy(p) HCX weAbey(A)

For a given pair (i, w) we attempt to move bead i by r places rightwards.
If it is not possible, as the new position is already occupied by bead j, we
get cancellation with (j, w with /i, swapped) on the left hand side.
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If m=1, we want s,p, = _ ) sgn(\/p)sx, where we sum over border
strips A/ of size r. For N large enough, we multiply both sides by asy)
to get

3, smyPr(xe, xa, o) = Y sen(A i) aris(n)
HCEA

This can be written as

Z Z sgn(w)wt(w)x,-rzz Z sgn(A/p) sgn(w) wt(w).

i=1 weAbcy(p) HCX weAbey(A)

For a given pair (i, w) we attempt to move bead i by r places rightwards.
If it is not possible, as the new position is already occupied by bead j, we
get cancellation with (j, w with /i, swapped) on the left hand side.

Otherwise, we get a new abacus with shape obtained by adding a border

strip of size r to .
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Case m =1 - example

N
ST sen(w)wt(w)xl = > sgn(A/p) sgn(w) wt(w)

i=1 weAbcy(p) HCX weAbey(N)

Pavel Turek (Royal Holloway) Plethystic Murnaghan—Nakayama rule May 1, 2024



Case m =1 - example

N
ST sen(w)wt(w)xl = > sgn(A/p) sgn(w) wt(w)

i=1 weAbcy(p) HCX weAbey(N)

In the example r = 5.
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Case m =1 - example

N
ST sen(w)wt(w)xl = > sgn(A/p) sgn(w) wt(w)

i=1 weAbcy(p) HCX weAbey(N)
In the example r = 5.
Cancellation:

i=4 (4025 1® ©)
~_

i=1 (1254 ® ©
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Case m =1 - example

N
ST sen(w)wt(w)xl = > sgn(A/p) sgn(w) wt(w)

i=1 weAbcy(p) HCX weAbey(N)
In the example r = 5.
Cancellation:

i=4 (4025 1® ©)
~_

i=1 (1254 ® ©

Successful move:

i=2 (-5 (1® ®

@ O 2OI0O8 2©)
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General case

If Comp(m) is the set of compositions of m of length N, this time we need
to show

Z sgn(w) wt(w)x] x5 - xv
weEAbcy (1)
B€Comypy(m)

=30 D san(V/m) sen(w) wi(w)

HCEX weAbey(A)

where the sum runs over all r-decomposable partitions A/ of size rm.
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General case

If Comp(m) is the set of compositions of m of length N, this time we need
to show

Z sgn(w) wt(w)x] x5 - xv
weEAbcy (1)
B€Comypy(m)

=30 D san(V/m) sen(w) wi(w)

HCEX weAbey(A)

where the sum runs over all r-decomposable partitions A/ of size rm.

This time for a given pair (8, w) we read the abacus rightwards and move
bead i (by r places rightwards) f;-times.
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General case

If Comp(m) is the set of compositions of m of length N, this time we need
to show

Z sgn(w) wt(w)x] x5 - xv
weEAbcy (1)
B€Comypy(m)

=30 D san(V/m) sen(w) wi(w)

HCEX weAbey(A)

where the sum runs over all r-decomposable partitions A/ of size rm.

This time for a given pair (8, w) we read the abacus rightwards and move
bead i (by r places rightwards) f3;-times. There are again two cases.
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General case - cancellation

Z sgn(w) wt(w)x] x5 - x v
WEAbCN(u)
BeCompy(m)

:Z Z sgn(A/p) sgn(w) wt(w)

HCA weAbcy ()

B =1(0,2,0,1,0,0) (4215 o1 3 -
~_

B =(1,2,0,0,0,0) e~(1)-02)5) 035 3) -
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General case - successful moves

Z sgn(w) wt(w)x{P1 x5 .. -x,rvﬁ"’

WEAbCN(/,L)
BeCompy(m)

:Z Z sgn(A/p) sgn(w) wt(w)

HCA weAbey(A)

B =1(0,2,0,0,1,0) 83025 (15 3 ..
B =1(0,1,0,0,1,0) &3 5)-o-D6 203 -

5 =(0,1,0,0,0,0) &~@) DEEB) o
5 =(0,0,0,0,0,0) &~@ D®)-0-603) @
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