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Ring of symmetric functions

Let Λ denote the graded ring of symmetric functions in variables x1, x2, . . .

over integers.

Example: x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2 . . . and

2x1x2x3 +2x1x2x4 +2x1x3x4 +2x2x3x4 + . . . are elements of Λ of degree 3.

Specialisation to N variables x1, x2, . . . , xN yields the ring of symmetric

polynomials in Z[x1, x2, . . . , xN ].
Example: x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2 and 2x1x2x3 are the

elements from the previous example specialised to N = 3 variables.

To understand the elements of Λ of degree at most d , it is sufficient to

specialise to N ≥ d variables.

We write QΛ = Q⊗Z Λ for the ring of symmetric functions over rational

numbers.
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Connection to representation theory

Λ

PolyGL-mod Sym-mod
Schur functors

Fo
rm
al
ch
ar
ac
te
rs Frobenius

m
ap

PolyGL-mod stands for polynomial representations of general linear group.

Sym-mod denotes the representations of symmetric groups.

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 5 / 24



Partitions

Composition β = (β1, β2, . . . , βt) of m (of length t) is a sequence of

non-negative integers which add up to m.

It is a partition if it is a

non-increasing sequence of positive integers. We represent partitions using

Young diagrams Y (λ) =
{
(i , j) ∈ N2 : i ≤ t, j ≤ λi

}
.

Example: The Young diagram of (8, 6, 6, 5, 5, 1).

If Y (µ) ⊆ Y (λ), we define skew partition λ/µ and its Young diagram

Y (λ/µ) = Y (λ) \ Y (µ).

Example: The crossed boxes form the Young diagram of

(8, 6, 6, 5, 5, 1)/(5, 3, 3, 2, 2, 1).
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Bases

Power sum symmetric functions pλ = pλ1pλ2 · · · pλt , where pr is a

sum of the r th powers of the variables. They form a basis of QΛ.

Complete homogeneous symmetric functions hλ = hλ1hλ2 · · · hλt ,

where hm is a sum of all the monomials of degree m. They form a

basis of Λ.

Schur functions sλ which are generating functions of standard Young

tableaux of shape λ. They form a basis of Λ.

Other bases such as monomial symmetric functions, elementary

symmetric functions, . . . .
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Schur polynomials

Schur polynomials can also be defined using antisymmetric polynomials

aβ = det(x
βj

i )i ,j≤N as

sλ(x1, x2, . . . , xN) =
aλ+δ(N)

aδ(N)
,

where δ(N) = (N − 1,N − 2, . . . , 0).

Example:

s(2,1)(x1, x2, x3) =
a(4,2,0)
a(2,1,0)

=
(x21 − x22 )(x

2
2 − x33 )(x

2
1 − x23 )

(x1 − x2)(x2 − x3)(x1 − x3)

= (x1 + x2)(x2 + x3)(x1 + x3)

= x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2 + 2x1x2x3.

Schur functions correspond to ordinary irreducible representation.
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Plethysms

Informally, plethysm f ◦ g is obtained by substituting monomials of g to f .

Formally, −◦g is an endomorphism of QΛ such that pr ◦g = g(x r1 , x
r
2 , . . .).

Example: Recall that h2(x1, x2, x3) = x21 + x22 + x23 + x1x2 + x1x3 + x2x3

and s(2,1)(x1, x2, x3) = x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2 + 2x1x2x3.

Then p3 ◦ h2(x1, x2, x3) = x61 + x62 + x63 + x31x
3
2 + x31x

3
3 + x32x

3
3 and

p3 ◦ s(2,1)(x1, x2, x3) = x61x
3
2 +x62x

3
1 +x61x

3
3 +x63x

3
1 +x62x

3
3 +x63x

3
2 +2x31x

3
2x

3
3 .

Plethysms correspond to induced characters from ‘maximal’ imprimitive

subgroups, called wreath products of symmetric groups. They are difficult

to understand, even the decomposition of s(a) ◦ s(b) as a sum of Schur

functions is not known in general.
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Labelled abacus: overview

A combinatorial model for antisymmetric polynomials introduced by Loehr

in 2010. He applied it to prove the following:

Pieri’s rule - eksµ,

Young’s rule - hmsµ,

the Murnaghan–Nakayama rule - pr sµ,

the Littlewood–Richardson rule - sλsµ,

the combinatorial definition of Schur functions,

a formula for inverse Kostka numbers,

Cauchy product (in 2019).

The proofs follow Loehr’s slogan ‘when beads bump, objects cancel’.

Generalisations of labelled abaci have appeared since 2010. For example,

abacus tournaments model Hall–Littlewood polynomials.
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Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions;

in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.

The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position;

in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ;

in the above it is x61x
3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards;

in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Labelled abacus: definition

Labelled abacus with N beads consists of beads 1, 2, . . . ,N placed at

positions 0, 1, . . ..

4 2 5 1 6 3 . . .

The support of labelled abacus w is a set of occupied positions; in the

above it is {10, 7, 6, 4, 3, 1}.
The shape of labelled abacus w is a partition with parts ιi − i + 1, where

ιi is the ith least occupied position; in the above it is (5, 3, 3, 2, 2, 1).

The weight of labelled abacus w (denoted by wt(w)) is a product of

monomials xposition of i
i ; in the above it is x61x

3
2x

10
3 x4x

4
5x

7
6 .

The sign of labelled abacus w (denoted by sgn(w)) is the sign of the

permutation obtained by reading the beads leftwards; in the above it is

1 = sgn((1 3)(2 6 4 5)).

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 12 / 24



Movement of beads

The key identity is aλ+δ(N) =
∑

w∈AbcN(λ) sgn(w) wt(w), where λ has

length at most N and AbcN(λ) is the set of labelled abaci with N beads

and shape λ.

There are two simple movements of beads:

Swapping beads: The sign changes but the shape is preserved.

4 2 5 1 6 3 . . .

4 251 6 3 . . .

Moving bead to an empty position: The shape changes. The sign

changes if and only if the bead ‘jumps over’ odd number of beads.

4 2 5 1 6 3 . . .

4 25 1 6 3 . . .
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Border strips

A connected skew partition with no 2× 2 square is called border strip.

x
x

x x
x

The top and the bottom of a a skew partition λ/µ is the least and the

greatest index i , respectively, such that λi ̸= µi . For border strip λ/µ we

define its sign as sgn(λ/µ) = (−1)bottom−top.

Example: The above border strip has top 2, bottom 5 and sign −1.

The shape gives rise to a correspondence between beads which can be

moved by r positions rightwards and addable border strips of size r . The

relative positions of the bead before and after and the sign change are

recorder by bottom, top and sign, respectively.
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Border strips - correspondence

The border strip

x
x

x x
x

corresponds to the move

4 2 5 1 6 3 . . .

4 25 1 6 3 . . .
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r -decomposable partitions

A skew partition λ/µ is r -decomposable if there are border strips

γ(i+1)/γ(i) (0 ≤ i ≤ d − 1) such that

γ0 = µ and γd = λ,

the border strips have size r ,

their tops are in non-increasing order.

Its sign, is the product of the signs of the border strips.

c c c
a b c
a b c

a a b
a b b

Example: The skew partition (8, 6, 6, 5, 5, 1)/(5, 3, 3, 2, 2, 1) is

5-decomposable (with d = 3). The three border strips are labelled by a, b

and c , respectively. Its sign is 1.
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r -decomposable partitions - correspondence
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r -decomposable partitions - correspondence

a b
a b

a a b
a b b

4 2 5 1 6 3 . . .

4 25 1 6 3 . . .
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Statement

Theorem (Plethystic Murnaghan–Nakayama rule)

Let µ be a partition and r and m be positive integers. Then

sµ(pr ◦ hm) =
∑
µ⊆λ

sgn(λ/µ)sλ,

where the sum runs over all r -decomposable partitions λ/µ of size rm.

There have been several proofs of this result.

In 1994 Desarmenien, Leclerc and Thibon used Muir’s rule,

in 2014 Evseev, Paget and Wildon used symmetric groups,

in 2016 Wildon used James’ abacus and induction on m,

in 2022 Cao, Jing and Liu used vertex operators.

By repeated applications of the rule, one obtains the decomposition of

sµ(pρ ◦ hν).
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Case m = 1

If m = 1, we want sµpr =
∑

µ⊆λ sgn(λ/µ)sλ, where we sum over border

strips λ/µ of size r .

For N large enough, we multiply both sides by aδ(N)

to get

aµ+δ(N)pr (x1, x2, . . . , xN) =
∑
µ⊆λ

sgn(λ/µ)aλ+δ(N).

This can be written as

N∑
i=1

∑
w∈AbcN(µ)

sgn(w) wt(w)x ri =
∑
µ⊆λ

∑
w∈AbcN(λ)

sgn(λ/µ) sgn(w) wt(w).

For a given pair (i ,w) we attempt to move bead i by r places rightwards.

If it is not possible, as the new position is already occupied by bead j , we

get cancellation with (j ,w with i , j swapped) on the left hand side.

Otherwise, we get a new abacus with shape obtained by adding a border

strip of size r to µ.
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Case m = 1 - example

N∑
i=1

∑
w∈AbcN(µ)

sgn(w) wt(w)x ri =
∑
µ⊆λ

∑
w∈AbcN(λ)

sgn(λ/µ) sgn(w) wt(w)

In the example r = 5.

Cancellation:

4 2 5 1 6 3 . . .

42 51 6 3 . . .

i = 4

i = 1

Successful move:

4 2 5 1 6 3 . . .

4 25 1 6 3 . . .

i = 2
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General case

If ComN(m) is the set of compositions of m of length N, this time we need

to show ∑
w∈AbcN(µ)
β∈ComN(m)

sgn(w) wt(w)x rβ1
1 x rβ2

2 · · · x rβN
N

=
∑
µ⊆λ

∑
w∈AbcN(λ)

sgn(λ/µ) sgn(w) wt(w),

where the sum runs over all r -decomposable partitions λ/µ of size rm.

This time for a given pair (β,w) we read the abacus rightwards and move

bead i (by r places rightwards) βi -times. There are again two cases.
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General case - cancellation

∑
w∈AbcN(µ)
β∈ComN(m)

sgn(w) wt(w)x rβ1
1 x rβ2

2 · · · x rβN
N

=
∑
µ⊆λ

∑
w∈AbcN(λ)

sgn(λ/µ) sgn(w) wt(w)

4 2 5 1 6 3 . . .β = (0, 2, 0, 1, 0, 0)

42 51 6 3 . . .β = (1, 2, 0, 0, 0, 0)

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 23 / 24



General case - successful moves

∑
w∈AbcN(µ)
β∈ComN(m)

sgn(w) wt(w)x rβ1
1 x rβ2

2 · · · x rβN
N

=
∑
µ⊆λ

∑
w∈AbcN(λ)

sgn(λ/µ) sgn(w) wt(w)

4 2 5 1 6 3 . . .

4 25 1 6 3 . . .

4 2 51 6 3 . . .

4 251 6 3 . . .

β = (0, 2, 0, 0, 1, 0)

β = (0, 1, 0, 0, 1, 0)

β = (0, 1, 0, 0, 0, 0)

β = (0, 0, 0, 0, 0, 0)

Pavel Turek (Royal Holloway) Plethystic Murnaghan–Nakayama rule May 1, 2024 24 / 24


	Symmetric functions
	Labelled abacus
	Plethystic Murnaghan–Nakayama rule

