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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n.
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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n. We can represent partition A
using its Young diagram Y(X) = {(i,j) e N* 1 i < t,j < \i}.
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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n. We can represent partition A
using its Young diagram Y(X) = {(i,j) e N* 1 i < t,j < \i}.

Figure: The Young diagram of (6,4,2), a partition of 12.
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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n. We can represent partition A
using its Young diagram Y(X) = {(i,j) e N* 1 i < t,j < \i}.

Figure: The Young diagram of (6,4,2), a partition of 12.

We fix an integer e > 2.
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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n. We can represent partition A
using its Young diagram Y(X) = {(i,j) e N* 1 i < t,j < \i}.

Figure: The Young diagram of (6,4,2), a partition of 12.

We fix an integer e > 2. A partition is e-regular if it has no e (or more)
equal parts.
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Young diagrams

Partition A = (A1, A2, ..., At) of nis a non-increasing sequence of positive
integers, called parts, which add up to n. We can represent partition A
using its Young diagram Y(X) = {(i,j) e N* 1 i < t,j < \i}.

Figure: The Young diagram of (6,4,2), a partition of 12.

We fix an integer e > 2. A partition is e-regular if it has no e (or more)

equal parts.

Example: Partition (7,7,4,3,3,3,3,2) is 5-regular but not 3-regular.
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Irreducible modules

Over a field of characteristic zero, the irreducible modules of the
symmetric group S, are the Specht modules S indexed by partitions \ of
n. The same holds for Hecke algebras of quantum characteristic 0.
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Irreducible modules

Over a field of characteristic zero, the irreducible modules of the
symmetric group S, are the Specht modules S indexed by partitions \ of
n. The same holds for Hecke algebras of quantum characteristic 0.

In (quantum) characteristic e, the Specht modules are not irreducible
anymore; the irreducible modules are often denoted by D* and indexed by
e-regular partitions u of n.
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Irreducible modules

Over a field of characteristic zero, the irreducible modules of the
symmetric group S, are the Specht modules S indexed by partitions \ of
n. The same holds for Hecke algebras of quantum characteristic 0.

In (quantum) characteristic e, the Specht modules are not irreducible
anymore; the irreducible modules are often denoted by D* and indexed by
e-regular partitions u of n. Note that for Hecke algebras, the structure of
these modules depends on both the quantum characteristic and the
characteristic of the underlying field.
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Irreducible modules

Over a field of characteristic zero, the irreducible modules of the
symmetric group S, are the Specht modules S indexed by partitions \ of
n. The same holds for Hecke algebras of quantum characteristic 0.

In (quantum) characteristic e, the Specht modules are not irreducible
anymore; the irreducible modules are often denoted by D* and indexed by
e-regular partitions u of n. Note that for Hecke algebras, the structure of
these modules depends on both the quantum characteristic and the
characteristic of the underlying field.

The irreducible composition factors of the Specht modules in (quantum)
characteristic e are given by the decomposition matrix.
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Decomposition matrix

SO pv 6 51 42 33 41,1 321 2211

6

5,1 1 1

4,2 1

3,3 1 1

4,1,1

3,2,1 11 1

2,2,2

3,1,1,1 1 1
2,2,1,1 1
2,1,1,1,1 1 1
1,1,1,1,1,1 1

Table: The decomposition matrix of Sg in characteristic e = 3.
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Decomposition matrix

SO pv 6 51 42 33 41,1 321 27211

6

5,1 11

4,2 1

3,3 1 1

4,1,1

3,2,1 1 1 1

2,2,2

3,1,1,1 1 1
2,2,1,1 1
2,1,1,1,1 1 1
1,1,1,1,1,1 1

Table: The decomposition matrix of Sg in characteristic e = 3.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. lts arm-length equals the number of
columns the e-divisible hook spans minus one.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.

[

Figure: A 5-divisible hook of (6,4,2) of arm length 3.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.

Figure: A 5-divisible hook of (6,4,2) of arm length 3.

The e-core of a partition is obtained by successive removals of its
e-divisible hooks.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.

Figure: Finding the 5-core of (6,4,2).

The e-core of a partition is obtained by successive removals of its
e-divisible hooks.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.

Figure: Finding the 5-core of (6,4,2).

The e-core of a partition is obtained by successive removals of its
e-divisible hooks.

Definition

Let d be a positive integer. We say that a partition A is d-balanced if d
divides all arm lengths of its e-divisible hooks.
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e-combinatorics

A connected removable group of ae boxes (for some a > 0) with no 2 x 2
square is called an e-divisible hook. Its arm-length equals the number of
columns the e-divisible hook spans minus one.

11

Figure: The partition (6,4,2) is 3-balanced

The e-core of a partition is obtained by successive removals of its
e-divisible hooks.

Definition

Let d be a positive integer. We say that a partition A is d-balanced if d
divides all arm lengths of its e-divisible hooks.
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d-runner matrix

The e-residue of a box (i,/) of a Young diagram is the remainder of j — i
modulo e.
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d-runner matrix

The e-residue of a box (i,/) of a Young diagram is the remainder of j — i
modulo e.

0[1]2[3]4]0]

S
—
N

Figure: The e-residues of partition (6, 4, 2).
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d-runner matrix

The e-residue of a box (i,/) of a Young diagram is the remainder of j — i
modulo e.

0[1]2[3]4]0]

S
—
N

Figure: The e-residues of partition (6, 4, 2).

Let d be a positive integer. The d-runner matrix of X\ stores in row x
(1<x<d-1)and column y (0 <y < e— 1) the number of parts of \
which have remainder x modulo d and their rightmost box has e-residue y.

IR 7

x (mod d)
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d-runner matrix

The e-residue of a box (i,/) of a Young diagram is the remainder of j — i
modulo e.

0[1]2[3]4]0]

S
—
N

Figure: The e-residues of partition (6, 4, 2).

Let d be a positive integer. The d-runner matrix of X\ stores in row x
(1<x<d-1)and column y (0 <y < e— 1) the number of parts of \
which have remainder x modulo d and their rightmost box has e-residue y.

IR 7

x (mod d)

The partition (6,4,2) drawn above has 3-runner matrix (38399).
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d-balanced columns

Let 1 < d < e be coprime integers and  be an e-regular d-balanced
partition of some integer n. We write ~y for the e-core of y and R for the
d-runner matrix of u.
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d-balanced columns

Let 1 < d < e be coprime integers and  be an e-regular d-balanced
partition of some integer n. We write ~y for the e-core of y and R for the
d-runner matrix of p. We say that p satisfies Condition (1) if
© the decomposition numbers in the column labelled by i and rows
labelled by partitions with e-core v and d-runner matrix R are at
most 1.
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d-balanced columns

Let 1 < d < e be coprime integers and  be an e-regular d-balanced
partition of some integer n. We write ~y for the e-core of y and R for the
d-runner matrix of p. We say that p satisfies Condition (1) if
© the decomposition numbers in the column labelled by i and rows
labelled by partitions with e-core v and d-runner matrix R are at
most 1.

Theorem (Gustavsson, Law, T. 2025+)

Let d, e, i1,y and R be as above. If y satisfies Condition (1), then the
non-zero decomposition numbers in the column labelled by p are 1 and lie
precisely in rows labelled by partitions with e-core v and d-runner matrix
R.
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Our theorem can be rephrased as: Condition (1) (for all u1) is equivalent to

Let d, e, i,y and R be as above. Then the non-zero decomposition

numbers in the column labelled by p are 1 and lie precisely in rows labelled
by partitions with e-core v and d-runner matrix R.
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Our theorem can be rephrased as: Condition (1) (for all u1) is equivalent to

Let d, e, i,y and R be as above. Then the non-zero decomposition
numbers in the column labelled by p are 1 and lie precisely in rows labelled
by partitions with e-core v and d-runner matrix R.

e-core 7y

an
d-runner matrix R

OrRrORrRrRFLFOT

0

Figure: The decomposition column labelled by e-regular and d-balanced p.
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Steps towards the conjecture

© (Hemmer, T.2025+) If d =2, e is a prime and p is even, the
conjecture holds for p. The proof uses a result of Giannelli and
Wildon.
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Steps towards the conjecture

© (Hemmer, T.2025+) If d =2, e is a prime and p is even, the
conjecture holds for p. The proof uses a result of Giannelli and
Wildon.

@ (Hemmer, T. work in progress) If d =2 and e is a prime, the
conjecture holds for .
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Steps towards the conjecture

© (Hemmer, T.2025+) If d =2, e is a prime and p is even, the
conjecture holds for p. The proof uses a result of Giannelli and
Wildon.

@ (Hemmer, T. work in progress) If d =2 and e is a prime, the
conjecture holds for .

© (Consequence of the previous case) If d is even and e is a prime, the
conjecture holds for .
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Steps towards the conjecture

© (Hemmer, T.2025+) If d =2, e is a prime and p is even, the
conjecture holds for p. The proof uses a result of Giannelli and
Wildon.

@ (Hemmer, T. work in progress) If d =2 and e is a prime, the
conjecture holds for .
© (Consequence of the previous case) If d is even and e is a prime, the

conjecture holds for .

@ If v is obtained from p by removing at most 3 hooks of size ¢, the
conjecture holds for . This follows from a result of Fayers.
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Steps towards the conjecture

© (Hemmer, T.2025+) If d =2, e is a prime and p is even, the
conjecture holds for p. The proof uses a result of Giannelli and
Wildon.

@ (Hemmer, T. work in progress) If d =2 and e is a prime, the
conjecture holds for .

© (Consequence of the previous case) If d is even and e is a prime, the
conjecture holds for .

@ If v is obtained from p by removing at most 3 hooks of size ¢, the

conjecture holds for . This follows from a result of Fayers.

© (T.2025+) The top and bottom non-zero entries of the
decomposition column labelled by i agree with the conjecture.
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Peek into the combinatorics

Theorem (T. 2025+)
Let 1 < d < e be coprime integer. The map

¢ : {d-balanced partitions} — {e-cores} x Z(Zdo_l)xe

given by taking the e-core and the d-runner matrix of a partition is
injective. lts left inverse is given by mapping (v, R) to the lex-maximal
size-minimal partition with e-core v and d-runner matrix R.

Moreover, if d = 2, then ¢ is a bijection.
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Peek into the combinatorics

Theorem (T. 2025+)
Let 1 < d < e be coprime integer. The map

¢ : {d-balanced partitions} — {e-cores} x Z(Zdo_l)xe

given by taking the e-core and the d-runner matrix of a partition is
injective. lts left inverse is given by mapping (v, R) to the lex-maximal
size-minimal partition with e-core v and d-runner matrix R.

Moreover, if d = 2, then ¢ is a bijection.

Furthermore, a d-balanced partition p is e-regular if there is O in the first
row of its d-runner matrix. Thus, at least for d = 2, there are many
e-regular d-balanced partitions.
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